ABSTRACT Linear matrix inequality (LMI), as a class of stability conditions for non-autonomous fractionalorder (NAFO) systems, is proposed in this paper. Based on the fractional-order Lyapunov direct method, the Mittag-Leffler stability of fractional-order systems without time delay is analyzed under LMI conditions first. For fractional-order systems with multiple time delays, the LMI conditions of Lyapunov asymptotical stability are studied by using the fractional-order comparison principle. Besides, the stability of linear NAFO systems is analyzed by using the LMI approach. What is more, the LMI-based stability method of nonlinear NAFO systems with multiple time delays is presented. Especially, for nonlinear fractional-order systems, a sufficient condition of the existence and uniqueness of the equilibrium point is given in the LMI form. In addition, two examples are provided to verify the effectiveness of the obtained theoretical results.
I. INTRODUCTION
Fractional calculus, as a generalization of differentiation and integration from integer-order to arbitrary non-integer order, dates from a question raised by Leibniz in the year 1695. In the past 300 years, fractional calculus developed mainly as a pure theoretical field of mathematics due to its lack in application background. However, in recent years, a mass of reports have pointed out that the nature of many systems in the diffusion process can be more precisely modeled using fractional differential equations, such as batteries [1] , heat transfer process [2] , the effect of the frequency in induction machines [3] , etc. Besides, fractional-order models provide an more excellent instrument for the description of memory and hereditary properties of various materials and processes than integer-order ones. So it would be far better to use fractional-order dynamical systems to describe some practical problems, such as biological systems [4] , finance [5] , neural network [6] , fractional-order control [7] - [10] etc.
Due to above demonstrated applications in many fields of science and engineering, the dynamical properties of fractional-order systems have become very popular [11] - [15] . Especially, the stability techniques of fractional-order systems are the keys to model analysis and practical system control. For an n-dimensional linear autonomous Caputo fractional-order system
many researches frequently use a stability technique called fractional-order linear stability theory [14] , [16] , [17] .
Its condition is that all the eigenvalues λs of A satisfy |arg (λ (A))| > απ 2 .
As we know, Linear Matrix Inequality (LMI) is a simple, common and intuitive tool for analyzing systems' stability, especially for the integer-order linear systems. However, because the classical Lyapunov method is not effective for fractional-order systems, there are few LMI stability results for linear fractional-order systems. In [18] , the authors presented the LMI stability condition of linear fractional-order system as that there exists a positive definite matrix P such Obviously, the above fractional-order linear stability theory and LMI condition are both complicated and have a large amount of calculation. So it is of vital significance to obtain a more simple and effective LMI stability condition for linear fractional-order systems.
Fortunately, fractional-order Lyapunov direct method has been proposed to analyze the Mittag-Leffler stability of the nonlinear fractional-order systems [19] , [20] . Moreover, in this method, it has been proved that 1-norm, 2-norm and ∞-norm can be qualified Lyapunov functions [21] - [24] . All the above results provide enough theoretical basis to simplify the LMI conditions for linear fractional-order systems. Similarly, for nonlinear fractional-order systems, LMI conditions can be also deduced under some assumptions.
It is well-known that time delay is unavoidable and it can cause oscillations or instabilities in dynamic systems. Thus, many researchers have paid their attentions to the stability of fractional-order systems with time delay [25] - [28] . By utilizing Laplace transform, Deng et al. [25] gave a stability result for linear fractional-order systems with multiple time delays. Wang et al. [27] and Liang et al. [28] raised fractionalorder comparison principles, which is necessary to prove the Lyapunov asymptotical stability of nonlinear fractional-order systems with multiple time delays. However, these results are complicated and come from the investigations of autonomous fractional-order systems. For NAFO systems with multiple time delays, the simple LMI conditions are worth studying.
Motivated by the above discussion, LMI stability conditions for NAFO systems with multiple time delays are investigated in this paper. Firstly, for linear NAFO systems without time delay, their Mittag-Leffler stability is analyzed under the simplified LMI conditions. Similarly, for linear NAFO systems with multiple time delays, their Lyapunov asymptotical stability is studied under some other LMI conditions. Then, for nonlinear NAFO systems, several groups of LMI conditions are designed to analyze the Mittag-Leffler or Lyapunov asymptotical stability. In addition, in LMI form, a sufficient condition of the existence and uniqueness of nonlinear systems' equilibrium point is proposed. Finally, numerical simulations are given to demonstrate the effectiveness of the presented theoretical results.
The rest of the paper is organized as follows. In Section 2, some preliminaries are given, including fractional calculus and its nonlinear non-autonomous system with multiple time delays, Mittag-Leffler stability, Lyapunov asymptotical stability. LMI conditions for linear NAFO systems are proposed in Section 3. Then, for nonlinear NAFO systems, their LMI stability conditions are given in Section 4. Two examples in Section 5 are mentioned to verify the theoretical results. Finally, the paper is concluded in Section 6.
II. PRELIMINARIES A. FRACTIONAL CALCULUS AND ITS NONLINEAR NON-AUTONOMOUS SYSTEM WITH MULTIPLE TIME DELAYS
Fractional calculus has extensive applications in nonlinear science. There are three common definitions of fractional calculus, including Grunwald-Letnikov, Riemann-Liouville and Caputo definitions [29] . Among them, Caputo fractionalorder derivative is well-understood in physical situations and more applicable to real world problems, because of its same initial conditions with integer-order derivatives. Thus, we only use the Caputo fractional-order derivative in this paper.
Definition 1 (Caputo Fractional-Order Derivative): The Caputo fractional-order derivative of order α > 0 for a function f (t) ∈ C n+1 ([t 0 , +∞), R) is defined as
where (·) represents the Gamma function and n is a positive integer such that n − 1 < α ≤ n. The Laplace transform of the Caputo fractional-order derivative is
where L{·} is the Laplace transform and s is the variable in Laplace domain. Property 1: If ξ is a constant, t 0 D α t ξ = 0 holds. Property 2: For constants p and q, the linearity of Caputo fractional-order derivative is described by
In Caputo definition, consider an n-dimensional nonlinear NAFO system with multiple time delays as follows
where α ∈ (0, 1),
< +∞ is the number of the multiple time delays, t 0 ≥ 0 is the initial time, the initial value φ(t) (t ∈ [t 0 − τ, t 0 ]) is a continuous function, and
→ R n is piecewise continuous on t and satisfies locally Lipschitz condition on x.
Definition 2: The constantx is an equilibrium point of Caputo fractional-order system (2) when
Remark 1: Due to Properties 1 and 2, any equilibrium point can be translated to the origin with change of variables. VOLUME 7, 2019 When the equilibrium point in (2) isx = 0, system (2) via the change of variable y(t) = x(t) −x can be rewritten as
where g(t, 0, 0, · · · , 0 m+1 )) = 0 andȳ = 0 is the equilibrium of new system for variable y. Therefore, without loss of generality, the only case that the equilibrium point is the origin is considered in the following definitions and lemmas.
Then, we introduce two stability results about fractionalorder systems, including Mittag-Leffler stability [19] , [20] and Lyapunov asymptotical stability of fractional-order systems with time delay [25] - [28] .
B. MITTAG-LEFFLER STABILITY
The Mittag-Leffler function is frequently used in the solutions of fractional-order differential equations. It is similar to exponential function frequently which appears in the solutions of integer-order differential equations.
Definition 3 (Mittag-Leffler Function):
With two parameters α > 0, β > 0, the Mittag-Leffler function [29] is defined as:
where z ∈ C. When β = 1, its one-parameter form is rewritten as
. [19] , [20] ):x = 0 is an equilibrium point of System (2) . Then the solution of (2) is called to be Mittag-Leffler stable if
Definition 4 (Mittag-Leffler Stability
where λ > 0, b > 0, · denotes an arbitrary norm and m(x) ≥ 0 (m(0) = 0) satisfies locally Lipschitz condition on x ∈ R n with Lipschitz constant m 0 . Remark 2: As same as exponential stability for integerorder systems, Mittag-Leffler stability implies asymptotic stability for fractional-order systems i.e., lim [19] , [20] ): The equilibrium pointx = 0 of fractional-order system (2) is Mittag-Leffler stable if there exist positive constants α 1 , α 2 , α 3 , a, b and a continuously differentiable function V (t, x(t)) satisfying
where
satisfies locally Lipschitz condition on x; D ⊂ R n is a domain containing the origin. If the assumptions hold globally on R n , x = 0 is globally Mittag-Leffler stable.
C. LYAPUNOV ASYMPTOTICAL STABILITY OF FRACTIONAL-ORDER SYSTEMS WITH MULTIPLE TIME DELAYS
Consider an 1-dimensional linear fractional-order systems with multiple time delays
where α, τ , m, φ(t) are as same as those in System (2) and constants ρ,
Taking Laplace transform [25] on both sides of (5), we have
Lemma 2 [25] : For α ∈ (0, 1), the zero solution of System (5) When m = 1, System (5) becomes
where ρ, k > 0. For System (6), a simple stability condition [26] , [27] is derived and given based on Lemma 2. Lemma 3 [26] , [27] : The zero solution of System (6) is Lyapunov asymptotically stable, if α, ρ and k satisfy
Following the proof of Lemma 3, we give the corresponding result for System (5) .
Lemma 4: The zero solution of System (5) is Lyapunov asymptotically stable, if α, ρ,
Proof: Due to 0 < sin
Assume that (s) has a purely imaginary root s = wi = |w| cos
where w is real number and it takes i sin
, and |w| 2α + 2ρ cos
However, due to
which contradicts with |w| 2α + 2ρ cos
. So det (wi) = 0 has no solution and det (s) = 0 has no purely imaginary roots. Based on Lemma 2, the zero solution of System (5) is Lyapunov asymptotically stable. Remark 3: In [28] , another stability condition for System (5) is presented as
However, this condition can't accord with Lemma 3. Thus, we bring into correspondence with [26] and [27] , and give the condition and proof of Lemma 4.
In addition, the following lemmas are also useful in the next sections.
Lemma 5 (Fractional-Order Comparison Principle [27] , [28] ): Consider the following two 1-dimensional fractional-order systems with multiple time delays
and
where α ∈ (0, 1), x(t) and y(t) ∈ R n are continuous in [t 0 , +∞), V (x) and V (y) are functions of x and y, φ(t) is continuous on
Lemma 6 [30] : For the given vectors x, y and a positive definite matrix Q > 0 with compatible dimensions, the following inequality holds,
The following Lemma 7 is introduced, which is useful to prove that 2-norm is able to be an effective Lyapunov function for fractional-order systems.
Lemma 7 [22] : Let x(t) ∈ R be a continuous and derivable function. Then, for any time instant t ≥ t 0
Obviously, when x(t) ∈ R n is continuous and derivable, it implies
In this paper, n × n matrix A ( )0 denotes that A is positive definite (semi-definite), i.e., x T Ax > (≥)0 for any x ∈ R n and x = 0. A ≺ ( )0 is x T Ax < (≤)0 for any x ∈ R n and x = 0. λ max (A) (λ min (A)) represents the maximum (minimum) eigenvalue of matrix A. x 2 = √ x T x is the 2-norm of x ∈ R n .
III. LMI STABILITY CONDITIONS FOR LINEAR NAFO SYSTEMS WITH MULTIPLE TIME DELAYS
In this section, the linear NAFO systems is analyzed to obtain their LMI stability conditions.
Firstly, consider an n-dimensional linear Caputo fractionalorder system without time delay:
where α ∈ (0, 1), x(t) ∈ R n , and A(t) ∈ R n×n is a timevarying matrix. Then, we have a sufficient LMI condition described as Theorem 1. Theorem 1: For System (9), the equilibrium pointx = 0 is globally Mittag-Leffler stable, if there exist n × n matrices P, Q 0 satisfying
Proof: Construct a Lyapunov function as
Obviously, the Lyapunov function (11) satisfies the condition as inequality (3):
Then we will prove that the Lyapunov function (11) also satisfies the condition as inequality (4). Due to P 0, there exists the matrix P 1 2 0 such that (P 1 2 ) 2 = P. According to Lemma 7, for any x ∈ R n , we obtain
Due to λ min (Q) > 0, Lyapunov function (11) satisfies the conditions as inequalities (4) and (5). Based on Lemma 1, the equilibrium pointx = 0 is globally Mittag-Leffler stable. If A(t) in System (9) is a constant matrix A, we have the following corollary.
Corollary 1: When A(t) in System (9) is constant (denoted by A), the equilibrium pointx = 0 is globally Mittag-Leffler stable, if there exists an n × n matrix P 0 satisfying
Proof: According to A T P + PA ≺ 0, it has λ max (A T P + PA) < 0 and their exists θ = − 0. Based on condition (10) and Theorem 1, the equilibrium pointx = 0 is globally Mittag-Leffler stable.
Remark 4: For the linear integer-order systemẋ(t) = A(t)x(t), the LMI condition in Theorem 1 is also effective. Obviously, for Theorem 1, the linear integer-order systeṁ x(t) = A(t)x(t) is a special case with α = 1 in System(9).
Then, consider an n-dimensional linear Caputo fractionalorder system with single time delay:
x(t) = A(t)x(t) + B(t)x(t
where α ∈ (0, 1), x(t) ∈ R n , and A(t), B(t) ∈ R n×n are timevarying matrices. Then, we give the following LMI condition.
Theorem 2:
For System (12), the equilibrium pointx = 0 is globally Lyapunov asymptotically stable, if there exist n × n matrices P, Q 0 and constants θ 1 > θ 2 > 0 satisfying, for all t ∈ [t 0 , +∞),
Proof: Without losing the generality, only LMI condition (13) is proved. Construct a Lyapunov function as
Obviously, the Lyapunov function (14) satisfies the condition as inequality (3) . Then owing to Lemmas 6 and 7 and the proof of Theorem 1, we gain for any x ∈ R n :
x(t)] T Px(t) = x T (t)PA(t)x(t) + x T (t)A T (t)Px(t)+2x T (t)PB(t)x(t −τ )

≤ x T (t)(PA(t) + A T (t)P)x(t) + x T (t)PB(t)QB T (t)Px(t)
Consider the corresponding 1-dimensional fractional-order system
Due to sin απ 2 > 0 with α ∈ (0, 1),ȳ = 0 is globally Lyapunov asymptotically stable based on Lemma 3. Comparing with Systems (15) and (16) based on Lemma 5, it implies V (x(t)) ≤ V (y(t)), which implies the equilibrium pointx = 0 of System (12) is globally Lyapunov asymptotically stable.
Next, consider an n-dimensional linear Caputo fractionalorder system with multiple time delays:
where α ∈ (0, 1), x(t) ∈ R n , and A(t), B 1 (t), · · · , B m (t) ∈ R n×n are time-varying matrices. Then, we give the following LMI condition.
Theorem 3:
For System (17), the equilibrium pointx = 0 is globally Lyapunov asymptotically stable, if, for all i = 1, · · · , m and t ∈ [t 0 , +∞), there exist n×n matrices P, Q i 0 and constants
Proof: Without losing the generality, only LMI condition (18) is proved. Choose the Lyapunov function (14), Similar with the proof in Theorem 2, we obtain for any x ∈ R n :
Consider the corresponding 1-dimensional fractionalorder system
Due to sin απ 2 > 0 with α ∈ (0, 1),ȳ = 0 is globally Lyapunov asymptotically stable based on Lemma 4. Comparing with Systems (19) and (20) based on Lemma 5, it implies V (x(t)) ≤ V (y(t)), which implies the equilibrium pointx = 0 of System (17) is globally Lyapunov asymptotically stable.
According to the proof of Theorem 3, a simple LMI condition can be deduced, which is shown in Corollary 2.
Corollary 2: For System (17), the equilibrium pointx = 0 is globally Lyapunov asymptotically stable, if there exist n×n matrices P, Q 0 and constants θ 1 > θ 2 > 0 satisfying, for all t ∈ [t 0 , +∞),
IV. LMI-BASED STABILITY FOR NONLINEAR NAFO SYSTEMS WITH MULTIPLE TIME DELAYS
Linear NAFO systems and their global stability have been analyzed in Section 3. For nonlinear NAFO systems, global stability is difficult to be realized. In this section, The nonlinear NAFO systems are studied, and their LMI stability conditions are proposed and proved. In the beginning, consider an n-dimensional nonlinear Caputo fractional-order system without time delay:
where α ∈ (0, 1), x(t) ∈ R n , time-varying matrix A(t) ∈ R n×n is the linear coefficient, and h : [t 0 , +∞) × R n → R n denotes the nonlinear part. In order to gain the LMI condition, an assumption is presented.
Assumption 1: h(t, 0) = 0 holds, and there exists an n × n matrix L(t) 0 and a domain D ⊂ R n with containing the origin, such that
for all x, y ∈ D and t ∈ [t 0 , +∞).
Theorem 4: Under Assumption 1, the equilibrium point x = 0 of System (21) is locally Mittag-Leffler stable, if there exist n × n matrices P, Q 0 and constants θ, η > 0 satisfying, for all t ∈ [t 0 , +∞),
Proof: Similarly, only condition (22) is proved. According to Assumption 1, we know System (21) has an equilibrium pointx = 0. Choose the Lyapunov function (14), and we have, for any x ∈ D:
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Based on Lemma 1, the equilibrium pointx = 0 is locally Mittag-Leffler stable. Then, consider an n-dimensional nonlinear Caputo fractional-order system with single time delay:
where α ∈ (0, 1), x(t) ∈ R n , time-varying matrix A(t) ∈ R n×n is the linear coefficient, and h : [t 0 , +∞) × R n × R n → R n includes the nonlinear part. Then, an assumption is given for h (t, x(t), x(t − τ ) ).
Assumption 2: h(t, 0, 0) = 0 holds, and there exist n × n matrices L 1 (t), L 2 (t) 0 and a domain D ⊂ R n with containing the origin, such that
Theorem 5: Under Assumption 2, the equilibrium point x = 0 of System (23) is locally Lyapunov asymptotically stable, if there exist n × n matrices P, Q 0 and constants
Due to sin απ 2 > 0 with α ∈ (0, 1),ȳ = 0 is Lyapunov asymptotically stable based on Lemma 4. Comparing with Systems (29) and (30) based on Lemma 5, it implies V (x(t)) ≤ V (y(t)), which implies the equilibrium pointx = 0 of System (27) is locally Lyapunov asymptotically stable.
Remark 5: Different from global stability results for linear systems, the stability results of nonlinear systems are local (Theorems 4-6). When conditions in Assumptions 1-3 become D = R n , the corresponding stability results are global.
Remark 6: All the obtained results (Theorems 4-6) are under the assumption that the nonlinear system has an equilibrium pointx = 0 (h(t, 0, · · · , 0) = 0). If h(t, 0, · · · , 0) = 0, the nonlinear system may has the other equilibrium points, then it can be rewritten as a new system with equilibrium point 0 (seeing Remark 1). But, how to ensure the existence of the nonlinear system's equilibrium point? As we know, few NAFO system has equilibrium point. However, for autonomous fractional-order systems, the following Assumption 4 and Theorem 7 give an answer.
Assumption 4: System (27) is autonomous and
Theorem 7: Under Assumption 4, the autonomous System (27) has a unique equilibrium pointx = 0, if there exist constants θ 1 > θ 2 > 0 satisfying
Proof: Due to A T A θ 1 I , A is an invertible matrix. So we define a mapping (x) : R n → R n ,
).
Due to Assumption 4, for any two vectors u, v ∈ R n , we have
From inequality (31) and 0 <
, which implies the mapping : R n → R n is a contraction mapping on R n . Thus there exists a unique fixed pointx ∈ R n such that (x) =x, i.e.,
Then, one has
wherex is the unique zero solution of the autonomous System (27) .
V. NUMERICAL SIMULATIONS
In this section, two example are shown to verify the effectiveness of the obtained theoretical results. The predictorcorrector scheme is used for the approximate numerical solutions of the fractional-order systems. Example 1: In System (17), we consider the 2-dimensional nonlinear fractional-order system with multiple time delays. Choose the following group of parameters as α = 0.6, τ 1 = 1, τ 2 = 2,τ 3 = 3, t − 2) ) .
So we can rewrite system (17) as 
Then, we select θ 1i = 7.6 > θ 2i = 7.5, β i = 0.3, i = 1, 2, 3, η = 1 and positive definite matrices
which satisfy, for all t ∈ [t 0 , +∞),
Based on Theorem 6, the equilibrium pointx = 0 of System (32) is local Lyapunov asymptotically stable in domain D. Fig. 1 shows that all the solutions of system (32) converge to the unique equilibrium pointx = (0, 0) T , which verifies the effectiveness of Theorem 6. Example 2: In System (27), let us consider the following 2-dimensional autonomous fractional-order systems with multiple time delays. Select α = 0.8,
So system (27) can be rewritten as
Due to h(0, 0, 0) = 0,x = 0 is not System (33)'s equilibrium point. We choose Based on Theorem 7, System (33) has a unique equilibrium pointx = (x 1 ,x 2 ) T = 0. According to Remark 1, with the change of variable y(t) = x(t) −x, system (33) can be rewritten as
t y 1 (t) = −4y 1 (t) − y 2 (t) + tanh(y 1 (t) +x 1 ) + cos(y 1 (t − 1) +x 1 ) + e −(y 2 (t−2)+x 2 ) 2 − 4x 1 −x 2 , 0 D 0.8 t y 2 (t) = 2y 1 (t) − 5y 2 (t) + sin(y 2 (t) +x 2 ) + 2x 1 + arctan(y 1 (t − 1) + y 2 (t − 1) +x 1 +x 2 ) − 5x 2 + 3 1 + (y 1 (t − 2) +x 1 ) 2 , y 1 (t) = φ 1 (t) −x 1 , t ∈ [−2, 0], y 2 (t) = φ 2 (t) −x 2 , t ∈ [−2, 0].
System (34) has the unique equilibrium pointȳ = 0. We select P = I 2×2 and Q = 4I 2×2 , then there exist η = 0.25, β 1 = 7.5, β 2 = 2. Fig. 2 shows that all the solutions of system (33) converge to the unique equilibrium pointx ≈ (0.3378, 0.6083) T , which verifies the effectiveness of Theorems 6 and 7.
VI. CONCLUSION
In this paper, the stability of the NAFO systems with multiple time delays is analyzed by providing some LMI conditions. For linear and nonlinear NAFO systems without time delay, two LMI conditions are given to obtain their Mittag-Leffler stability, respectively. Besides, for linear and nonlinear NAFO systems with multiple time delays, their local Lyapunov asymptotical stability is proved under the corresponding LMI conditions. Moreover, the existence and uniqueness of nonlinear fractional-order systems' equilibrium point is analyzed in LMI form. Furthermore, the effectiveness of the given results is demonstrated via the numerical simulations.
Stochastic perturbation is one of the most common phenomenons in practice, which is frequently considered in dynamical systems. Thus, the LMI condition for stochastic stability of fractional-order systems will be discussed in our next work.
